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Summaff  

Using the machinery of Lie-group analysis several equations arising in fluid mechanics are studied. In particular, 
the Burgers' equation, the KdV equation, the Hopf equation, the two-dimensional KdV equation and the 
Lin-Tsien equation are analyzed. In all cases the particular group includes arbitrary functions of time which 
permit the transformation of time-dependent equations into the corresponding time-independent ones. Infinitely 
many time-dependent solutions are associated with each steady solution. Some solutions are constructed. 

I. Introduction 

Perhaps the most widely applicable method for determining analytic solutions of partial 
differential equations utilizes the underlying (Lie) group structure. The mathematical 
foundations for the determination of the full group for a system of differential equations 
can be found in Ames [1], Bluman and Cole [2], and the general theory is found in 
Ovsiannikov [3]. The determination of the full group requires extremely lengthy calcula- 
tions. Detailed calculations can be found in Ames [1], Ovsiannikov [3], and for the 
Navier-Stokes equations in Boisvert [4] (see also Boisvert et al. [5]). Algebraic program- 
ming packages for determining these groups have been developed by Schwarz using 
REDUCE [9], by Roseneau and Schwarzmeier using MACSYMA [10] and CINO in 
Russia (see Ovsiannikov [3], p. 57). These programs, while very versatile, have difficulties 
in incorporating arbitrary functions where they arise in the Lie algebra. These arbitrary 
functions play a fundamental role in the sequel. 

In Boisvert et al. [5] the full Lie group leaving the Navier Stokes equations invariant, 

U t + UU x -[- VUy -}- WU z = - - P x  -1- ~ V 2 U ,  (1.1) 

U t -Jr- UU x -Jr- VOy o¢_ WU z = _ p y  q_ ~tV 2V, 

W t q- UW x q- UWy-{- WW z = - - P z  _1¢_ i~ V 2 W ,  

(1.2) 

(1.3) 

u:, + vy + wz=O,  (1.4) 
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is determined. In the spirit of Lie it is desired to find infinitesimal transformations of the 
form 

t ' = t + , T ( t ,  x ,  y ,  z, u, v, w, p)  + O( ,2) ,  

~ ' = x + , x ( t ,  x, y, z, u, v, w, p)  + o ( , 2 ) ,  

y ' = y  + , Y ( t ,  x ,  y ,  z, u, v, w, p ) +  O(,2) ,  

z ' =  z + , Z ( t ,  x ,  y ,  z, u, v, w, p )  + O(,2) ,  

u ' = u + , U ( t ,  x ,  y ,  z,  u, v, w, p )  + O( ,2) ,  

(1.5) 

v ' =  v + , V ( t ,  x ,  y ,  z, u, o, w, p )  + 0 ( , 2 ) ,  

w ' = w + c W ( t ,  x ,  y ,  z, u, v, w, p)  + O( ,2) ,  

p '  = p  + , e ( t ,  x, y,  z, u, v, w, p )  + o ( , 2 ) ,  

which leave (1.1-1.4) invariant. System (1.5) leaves (1.1-1.4) invariant if and only if 
(u', v', w', p') is a solution of (1.1'-1.4') whenever (u, c, w, p )  is a solution to (1.1-1.4). 
By (1.1'-1.4') is meant the same equations in the primed variables. By extensive analysis 
it is found that the full Lie group leaving (1.1-1.4) invariant is given by (1.5) with 

T = a + 2fit, (1.6) 

X =  f ix  - "/y - ~,z + f ( t ), (1.7) 

Y =  f ly  + yx  - oz + g( t ), (1.8) 

Z = f l z  + Xx  + o y +  h ( t ) ,  (1.9) 

U =  - f l u -  y v - X w +  f ' ( t ) ,  (1.10) 

V =  - f l v  + "/u - ow + g'(  t ), (1.11) 

W =  - f l w +  X u + o v + h ' ( t ) ,  (1.12) 

P = - 2 t i p  + j ( t )  - x f " ( t )  - y g " ( t )  - z h " ( t ) ,  (1.13) 

where a, fl, y, ~ and o are five arbitrary parameters and f ( t ) ,  g( t ) ,  h ( t )  and j ( t )  are 
arbitrary, sufficiently smooth functions of t. 

The arbitrary functions in (1.7-1.9) permit equations (1.1-1.4) to be transformed into 
their time-independent form. Thus any solution of the steady equations generates an 
infinity of time-dependent solutions. This idea was exploited in Boisvert et al. [5] and 
Nucci [6]. 
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2. Burgers' equation 

For the Burgers' equation 

u, + uu x = t~Uxx (2.1) 

the full two-parameter group (a , /3 )  with one arbitrary function (f(t)) is 

T = a +  2/3t, X=/3x +f( t ) ,  U= - /3u+f ' ( t ) .  (2.2) 

with a = 1, /3 = 0 the subgroup 

T = I ,  X = f ( t ) ,  U=f ' ( t )  

has the generator 

~I ~I + f '(  t ) ~I Q I = - ~ +  f ( t ) ~  x ~u=O. (2.3) 

From the Lagrange equations of (2.3) we have 

f i = u - f ( t ) ,  Y = x - F ( T ) ,  (2.4) 

where F '  = f .  When this transformation is applied to (2.1) there results 

~fi~ =/~fi~, (2.5) 

that is, the steady equation. One integration gives the integrable Riccati equation 

U' + U 2 = C, (2.6) 

where ~ = - 2/~U. Finally, setting U = ~k'/~P, (2.6) becomes 

4"-  c~=0. 

For C = a 2 > 0 the solution of (2.1) is 

u ( x ,  t) = - 2 g ~ ( 1  - R e x p [ - 2 ~ ( x  - r ( t ) ) ]  } 

/ { 1  + R e x p [ - 2 a ( x - F ( / ) ] }  +f( t ) .  

For C = - a  2 < 0 the solution for (2.1) is 

cos [a (x  - r ( t ) ) ]  - R s in [a (x  - r ( t ) ) ]  
u(x, t ) =  - 2 / * a ~ - - ~  + R c o s [ a ( x -  F ( t ) ) ]  +f( t )  

where R is another arbitrary constant. If C = 0 the solution is 

u(x, t ) -  2# + f ( t ) .  
21~R - (x - F(t)) 
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3. The Korteweg-De Vries equation 

Under the transformation (2.4) the KdV equation u, + uux + ux~ becomes 

UU.~ = U~.~  

which is integrable in terms of elliptic functions since one integration gives 

Ux~-U2=C, 

when ~ = 2U. 

4. The equation u ,  + u u  x = l¢(ux)uxlx 

Again the action of (2.4) transforms the equation of the title into 

5. Two-dimensional KdV equation 

The full group for the two-dimensional KdV equation (Rogers and Shadwick [7]) 

u . . . .  = - u x t -  aUyy - 6u2~ - 6uuxx (5.1) 

is calculated, using the notation of (1.5) for t, x, y, and u, to be 

T=f(t), 
X = f ' ( t ) x / 3  - f " ( t ) y 2 / 6 a  - g ' ( t ) y / 2 a  + h ( t ) ,  
Y=  2 f ' ( t ) y / 3  + g ( t ) ,  (5.2) 

U =  - 2 f ' ( t )  u/3 + f " ( t ) x / 1 8  - f  '" ( t ) y Z / 3 6 a  - g " ( t ) y / 1 2 a  + h ' ( t ) / 6 .  

In (5.2) the functions f ( t ) ,  g(t)  and h(t)  are arbitrary so the Lie algebra is infinite-di- 
mensional with the generator 

Q = T  ~ X~-~- y~___ UO___ 
~t + Ox + Oy + Ou " 

Moreover, the specific choice of the subgroup 

T = I ,  X = - g ' y / 2 a + h ( t ) ,  Y = g ( t ) ,  

gives rise to the characteristic variables 

y - ~ = G ( t ) ,  

x - Y =  - g y / Z a +  ~ ( t ) ,  

u - fi = - g ' y / 1 2 a  + gZ/24a + h/6 ,  

(5.3) 

U= - g " y / 1 2 a  + h ' /6  (5.4) 

(5.5) 
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where G' = g and ~2' = g2/2a + h. Under (5.5) equation (5.1) becomes 

+ - 2 

a~yy 6(u~) + 6fifir~ + f i ~  = 0, (5.6) 

that is, the time-independent equation. Each solution of (5.6) gives rise to a family of 
solutions involving three arbitrary functions of time, f ,  g and h, when u, x, and ~ are 
replaced by their relations from (5.5). To illustrate this idea the full group is generated for 
equation (5.6) and some exact solutions are obtained in the next section. 

6. Solutions for equation (5.6) 

The full group for equation (5.6) (we have dropped the bars), in the notation of (1.5) for 
x, y, and u, is 

X = q x + c  2, Y = 2 q y + c 3 ,  U=-2ClU, (6.1) 

with the three parameters c a, c 2, c 3. The equations for the invariant surface are obtained 
from (for c I 4= 0) 

u = F(~l) /2q(2cly + c3), 

~1 = ( q x  + c2)/(2cly + c3) '/2, (6.2) 

where F satisfies the ordinary differential equation 

c~F (~v) + 3FF" + aclnZF '' + 3(F ' )  2 + 7claTiF' + 8aqF= O. (6.3) 

Two solutions of equation (6.3) are 

r (~)  = -4ac?q2/3 (6.4) 

and 

F(B)  = -4c3r / -2 .  (6.5) 

The solution of equation (5.1) resulting from (6.4) is 

2c~{q[x+-~-dy-~2] +c2} 2 

3 { 2 c , [ y - G ( t ) ]  +c3} 2 

g, g2 h 

1-2g  y + 2-a-d  + g ,  

and that resulting from (6.5) is 

U ~ - -  

2 4  

{ q [ x + - ~ a y -  f](t) ] +c2} 2 

, g2 h 
+ + g ,  

where ~2' = g2/24a + h and G' = g. 
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7. An interesting subgroup of (5.2) 

With the choice f ( t )  =/3, g(t) = h(t)  = 0 in (5.2) the group becomes 

T= 13, S = t 2 x -  ty2/2, Y =  2t2y, U= - 2 t 2 u  + tx /3  - y 2 / 6 a .  

From (7.1) the equations for the invariant surface are found from 

rl = y / t  2, ~= x / t  + y2/2ott 2 

and 

(7.1) 

(7.2) 

u = ~/6 - 712tz/12a + F01, ~ ) / t  2, (7.3) 

where F(,/, ~) satisfies the equation 

etF~ + (3F2) ~ + F ~  = 0. (7.4) 

But, of course, this is equation (5.6) with 7/= ~, ~ = ~ and F = ft. Thus two solutions are 
available, i.e., 

u ( x , t )  x 2a[cax t+c ,y2 /2a+t2c2]  2 

= - ~ -  3t212cly + t2c312 

x 2c~t 2 
2 2 6t ( c a x t + c a y 2 / 2 a + t  c2 ) 

and 

u(x ,  t ) =  

8. The Lin-Tsien equation 

The Lin-Tsien equation [8] 

2~t x + epx~ - epyy = 0, (8.1) 

where ff is a velocity potential, has been used to study dynamic transonic flow in two 
space dimensions (x and y). The full group is known (see Ovsiannikov [3, p. 388]) to be 

x = a a x / 3 + g ' ( t ) y + w ( t ) ,  Y = a y + g ( t ) ,  T = 2 a t / 3 + f l ,  (8.2) 

d# = 2t~ep + 2y3g " / 3  + 2y2w '' + 2xyg" + 2xw' + yr ( t )  + s ( t ) .  

Equations (8.2) contain two arbitrary constants, a and t ,  and four arbitrary functions 
g(t), w(t), r(t) and s(t). Consequently, the Lie algebra is infinite-dimensional. Once 
again these arbitrary functions will permit an infinite number of time-dependent solutions 
to be generated from each steady-state solution. 
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The invariants of the group that are constant in time (with a = 0) are found as before 
to be 

x-;=gy-X, x=f(gZ+w) dt, 

y - Y = Q ,  Q=fg( t )  dt 

and 

qJ - ~ = 2g'~)7 + 2g"~3/3 + 2w~ 

+ f (2g"[ ea + 2gOy- xy+ gO - xol 

+~g,,,[3yZQ + 3~Q2 + Q3] + 2w'[~g+gQ- X] 

+ 2 w " [ 2 ~ Q +  Qa] + r ~ + s }  dt. (8.3) 

It is easy to show that ~(x ,  y) satisfies the time-independent equation 

~ x ~ - ~ y =  0 (8.4) 

which has been much studied. Given any solution of (8.4) it follows that time-dependent 
solutions (with four arbitrary functions of time g, w, r and s) are constructable, thus, 

qJ(x, y, t) = ~ ( x -  g(t)y + X, y -  Q) 

+ (right-hand side of the last equation in (8.3)). 
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