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Analysis of fluid equations by group methods
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Summary

Using the machinery of Lie-group analysis several equations arising in fluid mechanics are studied. In particular,
the Burgers’ equation, the KdV equation, the Hopf equation, the two-dimensional KdV equation and the
Lin-Tsien equation are analyzed. In all cases the particular group includes arbitrary functions of time which
permit the transformation of time-dependent equations into the corresponding time-independent ones. Infinitely
many time-dependent solutions are associated with each steady solution. Some solutions are constructed.

1. Introduction

Perhaps the most widely applicable method for determining analytic solutions of partial
differential equations utilizes the underlying (Lie) group structure. The mathematical
foundations for the determination of the full group for a system of differential equations
can be found in Ames [1], Bluman and Cole [2], and the general theory is found in
Ovsiannikov [3]. The determination of the full group requires extremely lengthy calcula-
tions. Detailed calculations can be found in Ames [1], Ovsiannikov [3], and for the
Navier-Stokes equations in Boisvert [4] (see also Boisvert et al. [5]). Algebraic program-
ming packages for determining these groups have been developed by Schwarz using
REDUCE [9], by Roseneau and Schwarzmeier using MACSYMA [10] and CINO in
Russia (see Ovsiannikov [3], p. 57). These programs, while very versatile, have difficulties
in incorporating arbitrary functions where they arise in the Lie algebra. These arbitrary
functions play a fundamental role in the sequel.

In Boisvert et al. [5] the full Lie group leaving the Navier Stokes equations invariant,

u,+uu, +ou,+wu, = —p +pviu, (1.1)
v, + uv, + oo, + wo, = —p, + pv v, (1.2)
w,+ uw, +ow, + ww, = —p_+ pv’w, (1.3)
u, +o,+w, =0, (1.4)
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is determined. In the spirit of Lie it is desired to find infinitesimal transformations of the
form

t/=t+€T(t, X, YV, 2, U, v, w, P)+O(€2)’
x'=x+eX(t, x, y, z, u, v, w, p)+O(e?),

y=y+e¥(t, x, y, z, u, v, w, p) + O(€?),

Z’=z+¢€Z(t, x, y, z, u, v, w, p)+0(e?),
(15)

w=u+elU(t, x, y, z, u, v, w, p)+0(e?),

v=v+eV(t, x, y, z, u, v, w, p)+0O(e?),

w=w+eW(t, x, y, z, u, v, w, p)+ 0(e?),

p'=p+eP(t,x, y, z, u, v,w, p)+0(e?),
which leave (1.1-1.4) invariant. System (1.5) leaves (1.1-1.4) invariant if and only if
(u’, v', w’, p')is a solution of (1.1'-1.4") whenever (u, v, w, p) is a solution to (1.1-1.4).

By (1.1’-1.4’) is meant the same equations in the primed variables. By extensive analysis
it is found that the full Lie group leaving (1.1-1.4) invariant is given by (1.5) with

T=a+2Bt, (1.6)
X=Bx—yy—Az+f(1), (1.7)
Y=8y+yx—oz+g(t), (1.8)
Z=Bz+Ax+ay+h(t), (1.9)
U= —Bu—yo—Aw+f(1), (1.10)
V=—Bv+yu—ow+g(t), (1.11)
W= —Bw+Au+ov+h(t), (1.12)
P==2Bp+j(t) —xf(t) - yg"(t) — zh"(1), (1.13)

where a, B8, v, A and o are five arbitrary parameters and f(t), g(z), h(¢) and j(z) are
arbitrary, sufficiently smooth functions of .

The arbitrary functions in (1.7-1.9) permit equations (1.1-1.4) to be transformed into
their time-independent form. Thus any solution of the steady equations generates an
infinity of time-dependent solutions. This idea was exploited in Boisvert et al. [5] and
Nucci [6].



2. Burgers’ equation

For the Burgers’ equation

u,tuu, = pu,,

the full two-parameter group (a, 8) with one arbitrary function ( f(t)) is

T=a+2Bt, X=B8x+f(t), U=—-Bu+f'(t).
with a =1, 8 =0 the subgroup
T=1, X=f(z), U=f"(1)

has the generator
(74 ol .. o0l
QI == +f(t)5-+f(t)5.=0.
From the Lagrange equations of (2.3) we have
u=u—f(t), x=x-F(T),
where F’ = f. When this transformation is applied to (2.1) there results

Uy = pzz,

that is, the steady equation. One integration gives the integrable Riccati equation

U+U*=C,
where u= —2uU. Finally, setting U=’ /{, (2.6) becomes
" Cy=0.
For C = a? > 0 the solution of (2.1) is
u(x, t) = —2pa{l— R exp[—2a(x— F(1))]}
/{1+ R exp[—2a(x—F(2)]} +f(¢).
For C = —a? <0 the solution for (2.1) is

COS[C!(X_F(I))] - R sin[a(x——F(t))]

“00 D)= 2 G a(x = F(1))) + R cos[a(x— F(0)]

+f(1)

where R is another arbitrary constant. If C =0 the solution is

_ 2p
u(x, t)= R = (x —F (1)) +f(¢).
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3. The Korteweg-De Vries equation

Under the transformation (2.4) the KdV equation u, + uu, + u,__ becomes

which is integrable in terms of elliptic functions since one integration gives
U= U= C,

when u =2U.

4. The equation w, + uu,= [d(u Ju. ],

Again the action of (2.4) transforms the equation of the title into

ity = [¢(72) U] 5.

5. Two-dimensional KdV equation
The full group for the two-dimensional KdV equation (Rogers and Shadwick [7])

Uy = — Uy — 0, — 6u’ — 6uu,, (5.1)

XXXX

is calculated, using the notation of (1.5) for ¢, x, y, and u, to be

T=f(1),

X=f"(t)x/3-f"(1)y*/6a—g'(t)y/2a+h(1),

Y=2f(t)y/3+g(1),

U= =2f(u/3+f'(t)x/18 = f " (t) y*/36a—g"(t) y/12a + h'(t) /6.

(5.2)

In (5.2) the functions f(¢), g(t) and Ah(t) are arbitrary so the Lie algebra is infinite-di-
mensional with the generator

d d d d
Q_TE-‘-XE;-{-Y@-{-UE;' (53)

Moreover, the specific choice of the subgroup
T=1, X=-g'y/2a+h(t), Y=g(t), U=—-g"y/12a+h/6 (5.4)
gives rise to the characteristic variables
y=y=G(1),
x—x=—gy/2a+ Q(t), (5.5)

u—-u=—g'y/12a+g>/24a+ h/6,
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where G’ =g and Q' = g?/2a + h. Under (5.5) equation (5.1) becomes

aily; +6(i;)" + 6ilitg; +Tzzrs = 0, (5.6)

XXXxX

that is, the time-independent equation. Each solution of (5.6) gives rise to a family of
solutions involving three arbitrary functions of time, f, g and h, when %, x, and y are
replaced by their relations from (5.5). To illustrate this idea the full group is generated for
equation (5.6) and some exact solutions are obtained in the next section.

6. Solutions for equation (5.6)

The full group for equation (5.6) (we have dropped the bars), in the notation of (1.5) for
x, y, and u, is

X=cx+¢c,, Y=2¢c,y+¢,, U= —-2cu, (6.1)

with the three parameters c,, c,, c,. The equations for the invariant surface are obtained
from (for ¢, # 0)

u="F(n)/2¢,(2cy + c5),

TI=(C1X+C2)/(261Y+C3)1/2’ (2
where F satisfies the ordinary differential equation
CF) + 3FF" + ac,*F" + 3(F')* + Te,anF’ + 8ac, F=0. (6.3)
Two solutions of equation (6.3) are
F(n) = —4ac;n’/3 (6.4)
and
F(n)=—4cin™2 (6.5)

The solution of equation (5.1) resulting from (6.4) is

g 2
_Za{cl[x+z;y—ﬂ}+c2} g

g’ h
= - y+ +—,
2
3{261[y—G(t)]+c3} 12a 24a 6
and that resulting from (6.5) is
2¢} g’ g’ h
“=- 1247 246

{cl[x+%y—9(t)] +c2}2

where @' =g2/24a+h and G’ =g.
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7. An interesting subgroup of (5.2)
With the choice f(¢) =1t*, g(t)=h(t)=0in (5.2) the group becomes

T=t, X=tx-w?/2, Y=2%, U= -2t*u+1tx/3—-y>/6a. (7.1)
From (7.1) the equations for the invariant surface are found from

n=y/t*, E=x/t+y*/2ar’ (7.2)
and

u=£§/6 —n't*/12a + F(q, £) /12, (7.3)
where F(, £) satisfies the equation

aF, + (3F*) ¢+ Fye = 0. (7.4)

But, of course, this is equation (5.6) with n =y, £ =X and F = u. Thus two solutions are
available, 1.e.,

x  2afext+eyt/2a+ tzcz]2

u(x, t)=
6¢ 3t2[2c1y+t2c3]2
and
2cir?
u(x, t) =%— -l

5
(clxt +e, ¥ 2a+ t2c2)

8. The Lin-Tsien equation
The Lin-Tsien equation [8]
2¢1x + ¢x¢xx - ¢yy = 09 (81)

where ¢ is a velocity potential, has been used to study dynamic transonic flow in two
space dimensions (x and y). The full group is known (see Ovsiannikov [3, p. 388]) to be

X=4ax/3+g'(t)y+w(t), Y=ay+g(t), T=2at/3+8, (8.2)
®=2a0+2y%g" /3+2y*w” + 2xyg” + 2xw’ + yr(t) +s(t).

Equations (8.2) contain two arbitrary constants, a« and B, and four arbitrary functions
g(t), w(t), r(¢) and s(z). Consequently, the Lie algebra is infinite-dimensional. Once
again these arbitrary functions will permit an infinite number of time-dependent solutions
to be generated from each steady-state solution.
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The invariants of the group that are constant in time (with a = 0) are found as before
to be

=1

x—x=gy—A, }\=f(g2+w)dt,

y-3=0, 0=/[g(s)ds
and

d—d=2g'%y+2g"5/3+ 2wx
+ [{28"[g7* + 2807 ~ Ay +80° - Q]

+3g " [35%0 + 3502+ Q*] + 2w'[ yg + g0 — A]
+2w”[250 + Q%] + 7+ 5} dr. (8.3)

It is easy to show that o(x, y) satisfies the time-independent equation

ai';ii_%}=0 (84)

which has been much studied. Given any solution of (8.4) it follows that time-dependent
solutions (with four arbitrary functions of time g, w, r and s) are constructable, thus,

o(x, y, ) =d(x—g(t)y+X, y-0Q)

+ (right-hand side of the last equation in (8.3)).
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